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Abstract
The topological susceptibility and the higher moments of the topological charge distribution in QCD are expressed through
certain n-point functions of the scalar and pseudo-scalar quark densities at vanishing momenta, which are free of short-distance
singularities. Since the normalization of the correlation functions is determined by the non-singlet chiral Ward identities, these
formulae provide an unambiguous regularization-independent definition of the moments and thus of the charge distribution.
 2004 Elsevier B.V. Open access under CC BY license.1. Quantum fields are subject to random fluctua-
tions and are therefore not an obvious case for the ap-
plication of topological arguments. In the presence of
a smooth background field, and if the quantum fluctua-
tions are treated perturbatively, the problem usually re-
mains unnoticed, because the topological information
is entirely encoded in the background field. In general
a separation of the fluctuations is not possible, how-
ever, and in these situations it may be difficult to give
an unambiguous meaning to the notion of, say, a topo-
logical sector.
In QCD the axial anomaly provides a link between
the correlation functions of local fields and the topol-
ogy of the underlying classical field space. Large-N
counting rules and the anomalous chiral Ward identi-
ties lead to the Witten–Veneziano formula [1–4], for
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Open access under CC BY license.example, which relates the vacuum expectation value
of the square of the topological charge
Q =
∫
d4x q(x),
(1.1)q(x) ≡ − 1
32π2
µνρσ tr
{
Fµν(x)Fρσ (x)
}
(where Fµν denotes the field strength of the gauge
field) to the mass of the η′ meson. More recently, when
studying QCD in the so-called -regime [5], the Ward
identity was used to trade the topological term in the
partition function
(1.2)Z(θ) =
∫
fields
e−S+iθQ
for a phase factor in the quark mass term in the
action S. Close to the chiral limit, and at any value
of θ , the theory may then be described by the standard
effective chiral σ -model [6]. An interesting point to
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to define fixed-charge correlation functions by keeping
only the terms proportional to a given power of eiθ in
the chiral expansions of the partition function and the
unnormalized correlation functions.
For the reasons indicated above, the situation in
QCD is more complicated in this respect. Technically
the difficulty is that the topological susceptibility
(1.3)χt =
∫
d4x
〈
q(x)q(0)
〉
and the higher derivatives of the free energy F(θ) =
− lnZ(θ) involve an integration of correlation func-
tions with non-integrable short-distance singularities.
In Eq. (1.3), for example, the integrand diverges like
(x2)−4 (up to logarithms). If no subtraction prescrip-
tion is specified, the free energy is therefore ill-
defined, and so are the fixed-charge correlation func-
tions of local fields.
It is sometimes pointed out in this connection
that the charge density is equal to the divergence of
the Chern–Simons current and that this would allow
the integral to be rewritten in the form of a surface
integral. While the short-distance singularities are
avoided in this way, the argument requires the gauge to
be fixed and is hence difficult to put on solid grounds
beyond perturbation theory.
2. In lattice QCD various definitions of the topo-
logical susceptibility were proposed over the years, but
it remained unclear which of these (if any) would have
the correct continuum limit. The question is in fact un-
decidable as long as there is no unambiguous defini-
tion of the susceptibility in the continuum theory.
The charge density may be represented on the
lattice by any local composite field of dimension 4
with the appropriate symmetry properties. In gen-
eral the topological character of the charge density is
lost, however, and the topological susceptibility con-
sequently does not vanish in perturbation theory (and
therefore diverges proportionally to the fourth inverse
power of the lattice spacing) [7]. To avoid this singu-
lar behaviour one would like the charge density on the
lattice to be such that the associated charge is invari-
ant under smooth deformations of the gauge field. In
the classical continuum theory, the density is, inciden-
tally, completely determined by this condition up to di-vergence terms ∂µkµ (where kµ is any gauge-invariant
local current) and a normalization factor [8,9].
Lattice representations of the charge density that
preserve its topological character were constructed a
long time ago [10,11]. Unfortunately these construc-
tions are not unique, because the space of lattice gauge
fields is connected and its division into charge sec-
tors is therefore arbitrary to some extent. Since there is
an action barrier between the sectors, it seems likely,
however, that the regions in field space around the sec-
tor boundaries become irrelevant close to the contin-
uum limit. Whether the topological susceptibility is fi-
nite in this limit is then a second issue that remains to
be discussed.
If one of the formulations of lattice QCD that
preserve chiral symmetry is used, there is a natural
definition of the charge density that is topological in
the sense explained above and that appears in the
flavour-singlet chiral Ward identities, exactly as in
the continuum theory [12–21]. For this case, and if
there are 3 or more mass-degenerate quark flavours,
Giusti, Rossi and Testa [22] recently showed that the
topological susceptibility is at most logarithmically
divergent in the continuum limit, i.e., that all power-
divergent contributions cancel.
In the present Letter the argumentation of Ref. [22]
is cast in a slightly different and more general form.
This leads to an alternative representation of the
susceptibility and the higher-order moments of the
charge distribution, which remains well-defined in the
continuum limit. The lattice regularization is then no
longer needed and the final formulae (which are free of
short-distance singularities) may be taken as the field-
theoretic definition of the susceptibility and the higher
moments.
3. In the following we consider QCD with any
number Nf of massive quarks. Space–time is assumed
to be a finite periodic box, but in many equations it will
be straightforward to pass to the infinite-volume limit
since the theory has a mass gap. We now first derive a
new representation of the topological susceptibility on
the lattice and shall return to the continuum theory in
the next section.
The lattice theory is set up on a hypercubic lattice
with spacing a, using a (massless) lattice Dirac opera-
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(3.1)γ5D + Dγ5 = aDγ5D
and the usual symmetry, hermiticity and regularity re-
quirements.1 As explained in Ref. [21], the suggested
choice of the quark action in this formulation of lattice
QCD reads
SF = a4
∑
x,r
ψ¯r (x)Dmrψr(x),
(3.2)Dm ≡
(
1 − 1
2
am
)
D + m,
where the index r labels the quark flavours and
m1, . . . ,mNf are the associated bare quark masses.
Most other details of the lattice theory (the action of
the gauge field for example) are left unspecified since
we will not need to know them.
The scalar and pseudo-scalar quark densities that
transform like a U(Nf) × U(Nf) multiplet under the
exact chiral symmetries of the lattice action (3.2) are
given by
(3.3)Srs(x) = ψ¯r (x)
(
1 − 1
2
aD
)
ψs(x),
(3.4)Prs(x) = ψ¯r (x)γ5
(
1 − 1
2
aD
)
ψs(x).
Keeping track of the flavour indices in this way rather
than introducing a basis of group generators will
simplify the discussion in the following.
As is the case in the continuum theory, the flavour-
singlet chiral transformations are anomalous on the
lattice, the anomaly being proportional to the topolog-
ical charge density
(3.5)q(x) = −1
2
a tr
{
γ5D(x,x)
}
.
In this equation, D(x,y) stands for the kernel of the
lattice Dirac operator in position space and the little
trace “tr” is taken over the Dirac and colour indices
only. The normalizations are such that the associated
charge
(3.6)Q = a4
∑
x
q(x)
1 The Dirac matrices γµ are taken to be Hermitian and γ5 =
−γ0γ1γ2γ3. Whenever possible the same symbols are used for the
fields (and other items) in the continuum theory and on the lattice
since it is usually clear from the context which one is meant.is equal to the index of the Dirac operator [17].
A well-known consequence of the Ginsparg–Wilson
relation and the γ5-hermiticity of the Dirac operator is
that, for any given gauge field, there exists an ortho-
normal basis of eigenfunctions of D with eigenvalues
λ of the form
(3.7)λ = 1
a
(
1 − eiα), α ∈R.
Now if f (λ) is any bounded function on the spectral
circle (3.7), the identity
(3.8)Tr{γ5f (D)}= {f (0) − f (2/a)}Q
is easily established by evaluating the trace in the
basis of eigenfunctions χ of D, noting that γ5χ is
orthogonal to χ if the associated eigenvalue λ is not
real.
Using this general result, a variety of formulae for
the topological charge can be obtained. We may, for
example, start from the equation
a4r
∑
x1,...,xr
〈
Pr1(x1)S12(x2) · · ·Sr−1r (xr)
〉
F
= −Tr
{
γ5
(
1 − 1
2
aD
)
(Dm1)
−1 · · ·
(3.9)×
(
1 − 1
2
aD
)
(Dmr )
−1
}
,
in which 〈· · ·〉F denotes the fermion expectation value
(the Wick contraction) of the fields in the bracket. The
application of the trace identity (3.8) then yields
Q = −m1 · · ·mr
(3.10)
× a4r
∑
x1,...,xr
〈
Pr1(x1)S12(x2) · · ·Sr−1r (xr)
〉
F,
for all r Nf.
It is now immediate that
χt = m1 · · ·ms
× a4s−4
∑
x1,...,xs−1
〈
Pr1(x1)S12(x2) · · ·Sr−1r (xr)
(3.11)
× Psr+1(xr+1)Sr+1r+2(xr+2) · · ·Ss−1s(0)
〉
c
if r , s are in the range 1 r < s Nf. In this formula,
〈· · ·〉c denotes the full QCD connected correlation
function of the local fields in the bracket and the
flavour labels are such that the contraction of the quark
M. Lüscher / Physics Letters B 593 (2004) 296–301 299fields results in a product of two-fermion loops (one
for each factor of the topological charge).
4. Assuming for a moment that there are at least 5
quark flavours, we are thus led to tentatively write
χt = m1 · · ·m5
∫
d4x1 · · ·d4x4
(4.1)
× 〈P31(x1)S12(x2)S23(x3)P54(x4)S45(0)〉c,
for the topological susceptibility in the continuum the-
ory. Power counting and the operator product expan-
sion now suggest that the correlation function in this
expression does not have any non-integrable short-
distance singularities. The dimensionality of the cor-
relation function certainly excludes such a singularity
if all coordinates are scaled to a common point. If only
some coordinates are scaled, the corresponding field
product converges to a local field of dimension 3 or
more, and the dimensional analysis then again shows
that there is no non-integrable singularity.
A second observation is that the normalization of
the products mrPst and mrSst is determined by the
non-singlet chiral Ward identities. Eq. (4.1) thus pro-
vides an unambiguous regularization-independent de-
finition of the topological susceptibility in the contin-
uum theory (if there are 5 or more flavours of quarks).
Moreover we may conclude that the susceptibility on
the lattice, as defined in Section 3, is finite in the con-
tinuum limit and that its value in the limit is given by
Eq. (4.1).
It may be reassuring to note at this point that trace
identities similar to those we have used on the lattice
hold in the continuum theory too. In the presence of
a smooth background gauge field, the massless Dirac
operator D has all its eigenvalues λ on the imaginary
axis in this case, and if f (λ) is any continuous function
that decays rapidly enough at infinity, it can be shown
that
(4.2)Tr{γ5f (D)}= f (0)Q.
A relatively easy proof of the Atiyah–Singer index
theorem actually starts from the observation that
(4.3)Tr{γ5etD2}= index(D),
for any t > 0. In the limit t → 0, the trace can then
be worked out, using heat kernel techniques, and isfound to be equal to the topological charge of the
background field [23]. The application of Eq. (4.1) in
a semi-classical context is therefore guaranteed to give
results consistent with naive expectations.
5. The higher connected moments
(5.1)Cn = a8n−4
∑
x1,...,x2n−1
〈
q(x1) · · ·q(x2n−1)q(0)
〉
c
of the charge distribution on the lattice can also be
rewritten in a form that remains well-defined in the
continuum limit. Assuming again that there are at least
5 quark flavours, we have
Cn = m1 · · ·m5
× a8n+8
∑
x1,...,x2n+2
〈
P31(x1)S12(x2)S23(x3)
× P54(x4)S45(x5)
(5.2)× q(x6) · · ·q(x2n+2)q(0)
〉
c
.
This formula is not quite what we need (some sub-
leading non-integrable singularities are still present),
but we may now eliminate the remaining factors of the
topological density by applying the exact chiral Ward
identity [19]
(5.3)a4
∑
x
〈{
q(x)+ m1P11(x)
}O〉
c
= 1
2
〈δO〉c
a number of times, where δO derives from the trans-
formation law
(5.4)δψ1 = γ5(1 − aD)ψ1, δψ¯1 = ψ¯1γ5.
As a result, a sum of connected expectation values
of products of mrPst and mrSst with 5 or more fac-
tors is obtained, all of which have only integrable
short-distance singularities in the continuum theory (it
should be noted here that the constant field does not
contribute to the operator product expansion in a con-
nected correlation function if only some coordinates
are scaled to a common point). The bottom line is then
that the moments Cn are finite in the continuum limit
(if Nf  5) and that their values in the limit can, in
principle, be determined without recourse to any par-
ticular regularization of the theory.
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should be at least 5 flavours of quarks is not a limi-
tation, but it seems a bit strange that the bottom quark
must be involved in order to define the topological sus-
ceptibility in the continuum theory. The constraint on
the number of quark flavours can in fact be relaxed by
introducing a multiplet of valence quarks.
In the extreme case of the pure gauge theory, for
example, the fermion action on the lattice is then given
by
(6.1)
SF = a4
∑
x
{ 2N∑
r=1
ψ¯r (x)Dmψr(x)+
N∑
k=1
∣∣Dmφk(x)∣∣2
}
,
where ψ¯r , ψr are the valence quark fields and φk the
associated pseudo-fermion fields. For positive quark
masses m, a well-defined Euclidean field theory is
obtained in this way that is probably not reflection-
positive, but in which power-counting arguments and
the operator product expansion can be expected to
apply, since the locality of the theory is preserved.
We may now again make use of the trace identi-
ties to rewrite the moments Cn of the charge distribu-
tion in terms of correlation functions of the scalar and
pseudo-scalar quark densities. The discussion of the
short-distance singularities is, however, slightly mod-
ified with respect to the case of full QCD, because
the pseudo-fermion fields allow for the construction
of flavour-singlet fields of dimension 2. On the other
hand, we can take advantage of the fact that there is no
constraint on the number of valence quarks (the charge
distribution is always the same), and it is then easy to
show that the expression
Cn = m6na24n−4
∑
x1,...,x6n−1
〈
P31(x1)S12(x2)S23(x3)
× P64(x4)S45(x5)S56(x6) · · ·
× P6n6n−2(x6n−2)S6n−2 6n−1(x6n−1)
(6.2)× S6n−1 6n(0)
〉
c
is finite in the continuum limit.
It may be worth mentioning here that we never had
to refer to the chiral limit in this section and that one is
free to set the renormalized valence quark mass to any
fixed physical value. This saved us from some difficult
questions, since the true asymptotic chiral behaviour
of valence quarks is still not known.Eq. (6.2) can also be written in the more suggestive
form
(6.3)Cn = V −1
〈
(QF)
2n〉
c
,
(6.4)QF ≡ −m3a6
∑
x1,x2,x3
〈
P31(x1)S12(x2)S23(x3)
〉
F,
where V denotes the space–time volume. In terms
of the valence quark propagator, QF is simply equal
to the triangle graph with one pseudo-scalar and
two scalar vertices and vanishing external momenta.
The important point is that these equations apply
independently of the chosen regularization, provided
the fields and the quark mass are renormalized in
accordance with the non-singlet chiral Ward identities.
7. Beyond the semi-classical regime, the univer-
sality of the moments of the topological charge distri-
bution (and thus of the distribution itself) derives from
a combination of fundamental properties of QCD. As-
ymptotic freedom was implicitly used, for example,
when applying the operator product expansion to show
the absence of non-integrable short-distance singular-
ities in the final formulae for the moments. In the way
the problem was approached here, a key rôle was also
played by the trace identities (3.8) on the lattice and
(4.2) in the continuum theory. To some extent at least,
these identities can be understood as an algebraic re-
flection of the fact that the index of the Dirac operator
is a homotopy invariant.
If a lattice formulation of QCD that preserves chiral
symmetry is used, the naive definition of the topolog-
ical susceptibility and the higher moments coincides
with the universal definition in the continuum limit
through the finite expressions that were obtained in
this Letter. This result is quite important, from both
the conceptual and the practical points of view, and it
also closes a gap in the recent literature on the topo-
logical susceptibility and the -regime (see Ref. [24],
for example, and references quoted there). Evidently
there is no reason to expect the same to be true if other
formulations of lattice QCD and other definitions of
the topological charge density are considered. The mo-
ments can, however, always be defined through the
universal formulae, and some of these may actually be
quite accessible to numerical simulations.
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